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Abstract 

In this paper, we undertake the study of the Tannaka duality construc- 
tion for the ordinary representations of a proper Lie groupoid on vector 
bundles. We show that for each proper Lie groupoid G, the canonical 
homomorphism of Q into the reconstructed groupoid T(Q) is surjective, 
although — contrary to what happens in the case of groups — it may fail 
to be an isomorphism. We obtain necessary and sufficient conditions in 
order that Q may be isomorphic to T(G) and, more generally, in order 
that T(Q) may be a Lie groupoid. We show that if T(Q) is a Lie group- 
oid, the canonical homomorphism Q — > T(Q) is a submersion and the two 
groupoids have isomorphic categories of representations. 

Introduction 

Although Lie groupoids have been intensively studied in the past decades [6, 
[HI 03 [lOj, a satisfactory understanding of their representation theory has not 
yet been achieved. Notoriously, there are a few fundamental differences between 
the classical representation theory of Lie groups and its groupoid counterpart, 
which make it hard to generalize the standard results of the former theory to the 
latter [22 [2] • In order to overcome these difficulties, various alternative notions 
of representation have been proposed recently for Lie groupoids [HI Q], each 
of which enables one to attain some specific purpose. Still, in some cases, for 
example in connection with the study of the presentation problem for ineffective 
orbifolds [[IS). fTT] , one is by necessity led back into the theory of ordinary rep- 
resentations of Lie groupoids on smooth vector bundles. Very little was known 
about such representations in general, so far, besides the fact that there are 
serious difficulties inherent in their construction. (There is no analogue of the 
Peter- Weyl theorem for them.) In this paper, we begin to remedy this situation 
by working out the counterpart of the classical duality theory of Tannaka |21l [4] 
in the setting of ordinary representations of Lie groupoids on vector bundles, 
for proper Lie groupoids. 
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The classical duality theory of Tannaka addresses the problem of recovering 
a topological group from its representation ring. In modern terms, this theory 
can be outlined as follows [12]. For any such group G, the self-conjugate tensor 
preserving natural endomorphisms of the forgetful functor 

(1) F G :Rep_(G) > Vec, (V,p)»V 

form a group T{G); here Rep (G) stands for the category of continuous, finite 
dimensional complex G-modules and equivariant linear maps between them, 
and Vec stands for the category of finite dimensional complex vector spaces; a 
natural endomorphism A e End(F,3) is said to be tensor preserving if A(C) = 
identity and \{R® B! ) = \ {R) <g> X(R') for all objects R, R' of R§2(G); self- 
conjugate, if A(i?) = A(i?) for all R. One endows T(G) with the smallest 
topology which makes all the evaluation maps A i— > A(i?) continuous. There is 
a continuous group homomorphism ttq from G into T{G), defined by setting 
TTG(g){R) = p{g) for all R = (V,p) and all g s G. The fundamental duality 
theorem of Tannaka states that tzq is an isomorphism of topological groups 
whenever the group G is compact Hausdorff. 

The same construction can be carried out for a general Lie groupoid Q, if one 
considers the groupoid analogue of the forgetful functor ([I]) , namely, the functor 
Fg from the category Rep (Q) of representations of Q on vector bundles into the 
category Vec(M) of complex vector bundles over the base M of Q which sends 
(E, q) i — ► E. (The precise details of this construction can be found in Section 
Q] below.) One gets a topological groupoid T(Q) over M, which we shall call 
the Tannakian bidual of the groupoid Q, and a homomorphism of topological 
groupoids ivg : Q — > T{Q) which induces the identity map on the base. It is 
then natural to ask oneself whether the above-mentioned duality theorem carries 
over to proper groupoids (these are the analogue of compact Hausdorff groups 
in the realm of groupoids) . It turns out that this cannot be the standard 
example, clearly illustrating why, shall be discussed in the second section of this 
paper. 

Despite the lack of a Tannaka duality theorem, we contend that one can 
still work out, for proper Lie groupoids, a rich and interesting duality theory. 
In the present paper, we lay down the general framework for this new theory 
and prove its main theorems. The reasons why we restrict our attention to 
proper Lie groupoids are technical, and will become apparent in the course of 
our exposition. 

We proceed to summarize our main contributions: 

Theorem l2.5L For any proper Lie groupoid Q , the canonical homomorphism 
■Kg : Q — > T(Q) is full, i.e., surjective. 

• We observe that the Tannakian bidual T(Q) of any Lie groupoid Q can 
be equipped with a natural "smooth structure" compatible with its topological 
groupoid structure, although there is no a priori evidence that this "smooth 
structure" will make T(Q) into a Lie groupoid. Apart from this, the canonical 
homomorphism Ttg : Q — > T(Q) is shown to be always "smooth". (The precise 
definitions are given in Section [TJ) The presence of a god-given "smooth struc- 
ture" allows one to assign definite meaning to the question of whether T(Q) is 
a Lie groupoid and of whether -Kg is an isomorphism of Lie groupoids. 

• We say that a Lie groupoid Q is reflexive if the corresponding canonical 
homomorphism Ttg is an isomorphism of "smooth" groupoids. Then we prove 
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Theorem 12. 9L A proper Lie groupoid Q is reflexive if, and only if, for each 
base point x there is a representation g : Q — > GL(E) such that the kernel of the 
induced isotropy homomorphism g x : Q x — > GL(E X ) is trivial. 

• One says that an isotropic arrow g € Q x is ineffective if the action of g 
on the normal space to the 5-orbit at x is trivial. (See Section 01) We have 
the following characterization of proper Lie groupoids whose bidual is a Lie 
groupoid (note the formal analogy with the preceding statement): 

Theorem I4.10L For a proper Lie groupoid Q , the following condition is a 
necessary and also a sufficient one in order that the bidual T(Q) may be a Lie 
groupoid: for each base point x, there is a representation g : Q — > GL(E) such 
that the kernel of the corresponding isotropy homomorphism g x : Gx —> GL(E X ) 
is ineffective, i.e., sits inside the ineffective subgroup ofQ x . 

We shall say, of a representation like the one in the previous statement, 
that it is effective at x. We can rephrase the last theorem by saying that the 
Tannakian bidual of a proper Lie groupoid Q is a Lie groupoid if, and only if, 
Q has enough effective representations. The title of the paper refers precisely to 
this result, which is essentially new to [22] . 
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§1 The Tannakian bidual of a Lie groupoid 

We begin this section by introducing some terminological and notational con- 
ventions that will be in force throughout the rest of the paper. Some useful 
references in this connection are the standard books on Lie groupoids [20} fT6] 
and the book by Bredon [3]. We then proceed to explain the construction of 
the Tannakian bidual of a Lie groupoid. In particular, we discuss the associ- 
ated C°°-groupoid structure and prove its basic properties. We conclude with 
a rapid review of homomorphisms and Morita equivalences. 

Roughly speaking, a Lie groupoid is an internal groupoid in the category of 
manifolds of class C°° (recall that the term groupoid indicates a small category 
all morphisms of which are invertible). Thus, a Lie groupoid Q is given by a 
pair of such manifolds, Q {0) (the manifold of objects) and Q {1) (the manifold of 
arrows), a pair of smooth maps (s, t) : Q ll) — > Q l0) x Q {a> (which are respectively 
called source and target) such that the fibred product G {1) s Xt Q (1) exists in the 
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category of C°°-manifolds, and a smooth composition law Q {1) s XtG (1) — » G (1) 
subject to certain requirements. In the first place, there is the requirement that 
these data should define a category, more precisely, a groupoid. One thereby 
obtains two uniquely determined maps, the unit Q {a) — > Q {1) and the inverse 
Q {1) — ¥ g {1 \ on which, then, one imposes further smoothness conditions. More- 
over [20], one requires the source map s : Q {1) — > Q (a) to be a submersion with 
Hausdorff fibres and the manifold of objects Q <a) to be paracompact (that is, 
Hausdorff and second countable; cfr. |14j). 

Let Q = {Q {0) , Q {1 \ s, t, . . .) be a Lie groupoid. The manifold Q {0> is usually 
called the base, and its points, the base points, of the groupoid Q. We shall 
write Q in place of Q m , as this is not likely to cause any confusion. For each 
arrow g G G, the base points s(g) and t(g) are resp. called the source and the 
target of g. We shall not distinguish notationally between a base point and the 
corresponding unit arrow. We shall adopt the abbreviations 

(2) G(S,S'):={geg:s(g)eS&t(g)eS'}, g s :=G(S,S), 

and G s := G(S,-) := g(S,g w ) = a -1 (5) for all subsets S,S' C £ (0) . When 
5 = {x} and S" = {a/} are singletons, we further abbreviate the respective 
instances of |(2]) into Q(x, x'), g x and g x . One refers to g x as the isotropy group 
of g at x. This is in fact a Lie group, embedded into g as a closed submanifold. 

1.1 Fundamental example Any vector bundle E of class C°° (real or 
complex, of globally constant rank) over a smooth manifold M determines a 
Lie groupoid GL(E) with base M, called the linear groupoid associated with E. 
The arrows G GL{E)(x,x') are the linear isomorphisms E x ^> E x i between the 
corresponding fibres of the vector bundle E. 

A homomorphism of Lie groupoids (f> : <? — ► Ji is defined to be a smooth 
functor <o) : g m H (0) , : 

1.2 Definition Let g be a Lie groupoid, and let E be a vector bundle over 
g {0} . By a representation of g on E, we mean a Lie groupoid homomorphism 
q : g — > GL{E) that induces the identity on the base. Thus, a representation 
q assigns each arrow g € g(x,x') a linear isomorphism g(g) : E x ^ E x > in a 
smooth and functorial way. More pedantically, we shall think of representations 
as pairs (E, g) formed by a vector bundle E and a homomorphism g as above. 

We regard the notions to be discussed next in t il. 31 and t il. 41 as standard. 
No attempts to make comparisons with the literature shall be made here, nor 
claims to originality. In any case, we are not interested in developing a general 
theory. This said, we are entitled to use these notions freely for our purposes. 

1.3 C°°-Spaces Recall that a functionally structured space is a topological 
space X endowed with a sheaf &x of real algebras of continuous real valued 
functions on X (functional structure). A smooth mapping from a functionally 
structured space (X, &x) into another such space (Y, ^y) is a continuous map- 
ping / : X — > Y such that ao/c ^x(/ _1 (^)) for every open subset V C Y 
and every function a G ^y(V). (Compare |3j, p. 297.) 

Let & be a given functional structure on a topological space X. We shall 
let denote the sheaf of continuous real valued functions on X generated by 
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the following presheaf (of such functions) 



(3) U ~ {f{a 1 \ Ul ... 1 a d \ u ) \ f : R d -> R of class C°° , 

ax,...,a d € &(U)} 

where the expression f(a\\u, ■ ■ ■ , cid\u) indicates, of course, the function u i— » 
/(di (it), . . . , ad(u)) on J7. By a C°° -space, we mean a functionally structured 
space X such that &x = &X°° ■ We then say that J^x is a C°° -functional struc- 
ture on X. Note that smooth manifolds can be regarded as topological spaces 
endowed with a C°°-functional structure locally isomorphic to that given by 
the smooth functions on R™. C°° -Spaces and their smooth mappings (C°° - 
mappings, for short) form a category which, for certain purposes, is more con- 
venient than the full subcategory formed by smooth manifolds. 

1.4 C7°°-Groupoids Observe that if (X,&) is a C7°°-space, so is [S,&\s) 
for any subspace S of X; here &\s '■— is* ^ denotes the functional structure 
on S induced by & along the inclusion is ■ S > X. (Recall that for an 
arbitrary continuous mapping f : S —> T into a functionally structured space 
(T, f* S? denotes the functional sheaf on S formed by the functions which 
are locally the pullback along / of functions in S? . Compare |3j, p. 297 again.) 
The induced C°°-structure (5 1 , &\s) has the following universal property: for 
any commutative diagram of maps between C°° -spaces 

(K,Sf) ^ (X,,^) 




the map / is smooth if, and only if, the same is true of the map /'. 

Observe, next, that if (X, ^f) and (Y, Sf) are arbitrary functionally struc- 
tured spaces, then so is their Cartesian product endowed with the sheaf & ® <S 
locally generated by the functions ((p (g> ip)(x, y) — <f(x)ip(y). It follows that 
® ( S° )° is a C°°-functional structure on X x Y, turning this into the 
product of (X,^°°) and (Y,^°°) in the category of C°°-spaces. Taking the 
universal property ([4]) into account, one sees that the category of C°° -spaces 
is closed under fibred products (pullbacks). Notice that when X and Y are 
smooth manifolds, or when S C X is a submanifold, one recovers the correct 
manifold structures, so that all these constructions for C°° -spaces agree with 
the usual ones on manifolds whenever the latter make sense. 

We shall use the term C°° -groupoid to indicate a groupoid whose set of 
objects and of arrows are each endowed with the structure of a C°°-space so that 
all the maps arising from the groupoid structure (source, target, composition, 
unit section, inverse) are morphisms of C°°-spaces. The base space X will 
always be a smooth manifold in practice, with C°° functional structure given 
by the sheaf of smooth functions on X . Every Lie groupoid is, in particular, an 
example of a C°°-groupoid. 

Tannakian biduals and representative functions 

The complex linear representations of a Lie groupoid Q shall be regarded as 
the objects of a category, which shall be denoted by Rep (g) hereafter. The 
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morphisms (E, g) — > (i?', g') in Rep ((y) are given by the intertwiners , i.e., those 
morphisms a : E — > £" of complex linear vector bundles over C? <0> which are 
compatible with the given actions of Q in the sense that a x > o g(g) = o % 
V.g G Q(x,x'). In the case of groups, one recovers the usual equivariant linear 
maps. The familiar operations of Representation Theory — direct sum, tensor 
product, complex conjugation, contragredient (or dual) etc. — lend themselves 
to an obvious generalization; one uses the corresponding standard operations 
on complex linear vector bundles. 

Let M be the base of Q, and let xq G M. Consider the functor 



(5) 



x Q * : Vec(M) — > Vec, E h-> E x 



which assigns each vector bundle E over M its fibre at the point xq, and let 
fg : x denote the composite 



(6) 



Fg 



Vec(M) -52-* Vec, (E, g) ~ E » E Xo . 



1.5 Definition The Tannakian bidual of Q is the groupoid T(Q) over M 
defined as follows. For each pair of base points x,x' G M, put 



(7) 



T(G){x,x') ^Nat^Fg^Fg^ 



the right-hand side here denotes the set of all self-conjugate, tensor preserving 
natural transformations from Fg^ x to fg^', that is, natural transformations 
^ : x — » Fg x / such that the following diagrams commute 
(8) " 



E X ®F X 



X(ii)®A(S) 



A(_R® S) 



F r 




A(fi) 



(^) 



_ A(fl) ^ _ 

E T ^ E 



for all R = (E,g), S = (F,s) G Ob Rep (g). As to the groupoid structure, the 
composition law is defined to be (A' • X)(R) := A'(-R) o A(i?). 

1.6 Remarks T(Q) is a small category, because, clearly, the category Rep (Q) 
possesses a small skeleton; compare [17], p. 91. 

From the rigidity of the tensor category Rep (Q) — that is to say, roughly 
speaking, from the existence of duals in Rep (G) — it follows that any tensor 
preserving natural transformation Fg x — > Fg, x > is necessarily an isomorphism. 
Hence T{Q) is really a groupoid. For the necessary explanations and a proof of 
this fact, we refer the reader to [9], p. 117. 

An object R — (E, g) of the category Rep_(C?) determines a homomorphism 
of groupoids over M (identical on the base manifold M) 



(9) 



£r ■ T(G) — > GL(E), A i-> X(R). 



We shall call £r the evaluation representation at R. 

Let <j) be any Hilbert metric on the (smooth, complex) vector bundle E. Let 
C and C' be any smooth sections of E over M. Consider the following function 
on (the manifold of arrows of) the linear groupoid GL{E): 

(10) 90,C.C : GL{E) — > C, GL(E)(x,x')3 fi^(fi-<:(x),C'(x')). 
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Define Si as the collection of all the functions on (the set of arrows of) the 
Tannakian bidual Tiff) which can be written as 



( n ) r R,<PXX' : = %,W ° £ R 

for some R = (E, g) E Ob Rep (G), some Hilbert metric <j) on E, and some global 
sections C' as above. We call the elements of M representative functions. It 
is easy to see that 3& is a complex algebra of functions on the set of arrows of 
the groupoid Tiff), closed under complex conjugation. It follows that the real 
and imaginary parts of any function in M also belong to M. 

We endow the set of arrows of the groupoid Tiff) with the smallest topology 
making all the representative functions continuous. Since Hilbert metrics exist 
on any smooth vector bundle over a paracompact base manifold, one obtains a 
Hausdorff topological space. The real valued representative functions generate, 
on this topological space, a functional structure, which we shall complete to a 
C°° -space structure £%°° as explained in 11.31 This C°° -space structure can be 
given the following "universal" characterization: 

1.7 Lemma There exists a unique C°° -space structure on (the set of 
arrows of) T(Q) with the following property: for each map f : X — * Tiff) 
from a C 00 -space (X,J?x), I is a smooth mapping of C 00 -spaces if, and 
only if, the composition 

(12) e R o / : X -> GL{E) is smooth Vfl = (E,q) 6 Ob Repfg). 

This C 00 -space structure is precisely the one defined by the representative 
functions. 

Proof. We limit ourselves to checking that the (7°° -space structure defined 
by the representative functions has the indicated universal property. So, let a 
map / : X — > Tiff) be given. 

In one direction, we have to show that the evaluation representation sr is a 
smooth mapping, for each R = (E, q) . It will be enough to note that if <j> is any 
Hilbert metric on E, then the local functions q<pXi,Cj provide, when {Q} is made 
to vary over all local frames of sections of the vector bundle E, local coordinate 
systems on the manifold GL(E) in terms of which any smooth function on the 
same manifold can be expressed locally. 

Conversely, let r = rR^^^t be a given representative function; we have 
to show that (fT2"l) implies rofe ,^x{X). This is clear, because rof = 
Qtj,,(,C £ R° f an d <70,c.C ^ s sm0 °th. q.e.d. 

1.8 Proposition With the C°° -structure described above, the Tannakian 
bidual Tiff) of any Lie groupoid Q is a C°° -groupoid. 

Proof. By the preceding lemma, the smoothness of the composition law 
T(Q) s x t Tiff) — > Tiff) and of the inverse Tiff) — > Tiff) is a consequence of 
the commutativity of the following diagrams 

Tff) s x t T(g) *T(Q) T(Q) *T(Q) 

?. X £R 

GL(E) s x t GL(E) compos - : GL(E) GL(E) GL(E) 
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for all R — (E,g) € Ob Rep (G). The smoothness of the other structure maps 
should be clear. q.e.d. 



Note that there is an obvious notion of smooth representation of a C°° - 
groupoid on a smooth vector bundle. Thus, we can make sense of the notation 
Rep (T(Q)) for any Lie groupoid Q. Evaluation ((9J defines a functor 

(13) e: Rm(G) -^Ree(T(£0), R = (E,g) ~ (E,e R ). 

It is natural to ask oneself whether this functor is an equivalence of categories; 
between Sections [2] and O we shall see that the answer is affirmative whenever 
Q is proper, even though T(Q) need not be isomorphic to Q. 

Invariance under Morita equivalences 

Given a homomorphism of Lie groupoids <fi : Q — > H, we define the inverse 
image functor 0* : Rep (H) — ► Rep (Q) (which we shall also call pullback along 
0) as follows. Let / : M — ► TV denote the map induced by <j) on the bases of the 
two groupoids. 

Let S = {F,<;) be a representation of the groupoid Ti. The linear groupoid 
GL(f*F) is the groupoid over M induced by the groupoid GL{F) =4 N along 
the base change / : M -> N. (See [20].) To put it differently, 

GL(f*F) = (fxf)*[GL(F)] 

in the category of smooth manifolds. By the universal property of induced 
groupoids, there is a unique Lie groupoid homomorphism </>*($) : Q — > GL(f*F) 
such that when one composes it with the canonical homomorphism 

(14) 7 : GL(f*F) — GL(F) 

one gets ? o : Q -> GL{F). We define ^(S 1 ) := (f*F, $*(<;)). Note that if 
6 : S 1 — > S" = (-F', c') is a morphism in the category Rep_(7Y) then the morphism 
of vector bundles f*b : f*F — > f*(F') intertwines the two ^-actions and 
4>*{s') and hence defines a morphism 4>*{S) —* <p*(S') in the category Rep (g). 
This concludes the description of the functor (f>* . 

1.9 Remark By taking into account the identity Fg o tfi* = f* o Fh, it is 
straightforward to see that the inverse image functor 0* determines a homo- 
morphism of C*°°-groupoids T(<j>) : T(H) -> T(0). (Compare [22], §24.) In 
fact, the correspondence (-) i— » T(-) yields a functor from the category of Lie 
groupoids into that of C°°-groupoids. 

Recall that a homomorphism of Lie groupoids <j) : Q — » H (notations as 
above) is said to be a Morita equivalence if the diagram 

0CD 1 ^ HW 

(15) (a,t) (»,t) 

M x M > N x N 
is a pullback in the category of manifolds of class C°° and the mapping 

(16) H w a x f M — >N, (h,x)^t{h) 



S 



is a surjective submersion. It is a well known fact that the pullback functor 
4>* : Rep (TL) — ► Rep (G) associated with a Morita equivalence <p '■ Q —* "H is an 
equivalence of categories. For the benefit of the reader and for later reference, 
we shall now briefly review the proof of this result. 

We need a preliminary remark. Let <p, ip : Q — ► TL be two arbitrary homo- 
morphisms of Lie groupoids. Recall that a transformation 8 :</>—> ip is an 
ordinary natural transformation of functors <p — ► ip with the additional prop- 
erty that, when regarded as a map 9 : Q {a) — > TL {1) , it is smooth. For each 
representation S = (F, <;) of TL, one obtains a smooth section 6*(S) of the vec- 
tor bundle Isom {<P*F, tp*F) over M = Q {0> (in other words, an isomorphism 
9*(S) : (f)*F ~ ip*F of vector bundles over M) by exploiting the universal prop- 
erty of that bundle as the pullback to M of the submersion GL(F) -> TL (0} x TL m 
along the smooth mapping x i— > Up{x), ip(x)j . The rule S i— * 6*(S) defines, in 
fact, a natural isomorphism 6* : <f>* ~ ip*. 

Let us go back to our Morita equivalence <j) : Q — * TL. In order to construct 
a quasi- inverse for the functor 0*, let us say <j>\, it is not restrictive to assume 
that the base map / : M — ► N associated with 4> is a surjective submersion. 
Indeed, if we take the following weak pullback (see [20], pp. 123-132) 



then the Lie groupoid homomorphisms ip and x are Morita equivalences with 
the property that the respective base maps are surjective submersions. Now, 
if we prove that ip* and x* are categorical equivalences then the same will be 
true of <f>* , because, by the remarks in the previous paragraph, we have natural 
equivalences \* — {4 1 ° VO* — ip* ° 4>*- 

Under the preceding simplifying assumption, there will be an open cover 
of the manifold N by open subsets Ui such that one can find smooth sections 
cii : [/, °4 M to the mapping /. 

Let a representation R = (E, g) 6 Ob Rep (Q) be given. One constructs 
a smooth vector bundle <p\(E) in Vec (N), as follows. Put Ei := a*E 6 
Ob Vec (t/,). Introduce the cocycle of vector bundle isomorphisms 

Cij : Ej\Uij — > Ei\Uij 

given, for each a; G E/jj := UiCiUj, by the composite linear isomorphism 

(a>j*E) x ~ Ba^j) e(g) > Ba.M ^ (ai*J5)a., where g : a 3 (x) -> oti(a;) is the 
unique arrow in C/ such that (^(g) = x. From these data one can construct the 
required vector bundle <p\ (E) ; the elements of its total space are the equivalence 
classes of triples (i,x, e), with x € C/j and e s E ai ( x \, the equivalence being 

(i, x, e) ~ (j, y, /) O x = yeU lj and c tj (f)=e; 

the projection onto AT is given by [i, x, e] i— > a;. 

An action </>i(g) of the Lie groupoid TL on this new vector bundle <p\(E) 
can be obtained as follows. Let an arrow h : x — * x' in TL be given. Choose 
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indices i and i' such that x £ XJ% and x' £ Uy. There exists a unique arrow 
g : cti(x) — ► ai'(x') such that <j>(g) = h. Then, let 

(j>\(g){g) : [i, x, e] h-> [i', a:', £>(fc) • e] . 

The pair <f>\(R) := (6\(E),<P\(q)) is an object of the category Rep (g), We 
shall leave the rest of the construction as an exercise. 



§2 The canonical homomorphism 

Recall that a Lie (topological, C°°-) groupoid Q is said to be ■proper, when it is 
Hausdorff, and the combined source-target map 

(17) ( S ,i):e (1) -5 10, x^, g ^ (s(g),t(g)) 

is proper (in the familiar sense: the inverse image of a compact subset is com- 
pact). Compare [20]. When Q is proper, every 5-orbit is a closed submanifold. 

Normalized Haar systems on proper groupoids are the analogue of Haar 
probability measures on compact groups. The precise definition is as follows: 

2.1 Definition A normalized Haar system (on a Lie groupoid Q over M) is a 
family fi = {fi x : x £ M} of positive Radon measures, each one with support in 
the respective source fibre Q x , such that the following conditions are satisfied: 

(i) all smooth functions on Q x are integrable with respect to fj, x , that is to say, 
C°°(Q X ) C L\n x )- 

(ii) (smoothness) for each ip £ C°°(C/ (1) ), the function $ on M given by 

x i ► *J?(x) = / tp\g* dp, x is of class C°°; 

(iii) (right invariance) for each g € G(x,y), and for all tp £ C°°(Q X ), one has 

/ tpoT 9 dp? = I ip dfi x , 
Jgv Jgz 

where t 9 : Q{y,-) — + Q{x,-) denotes right translation by g; 

(iv) (normalization) J d\i x = p x {Q x ) = 1, for every x £ M. 

It can be shown that every proper Lie groupoid admits normalized Haar 
systems. Compare [HIT]. 

Observe that if E is a smooth vector bundle over the base of the groupoid 
G, and ip '■ ~~ > E is a smooth mapping such that the source fibre G(x,~) is 
mapped into the vector space E x for every base point x, then the integral 

*(x) d = f | d^ x 

defines a global smooth section \1/ to E. This follows easily from the previous 
definition, by working in local coordinates. 
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One can think of any Lie groupoid Q as acting on its own base manifold 
M. A subset S C M will be called invariant if Q ■ s C S for all s G S. Let 
(E, g) be a representation of Q. A partial section tp : S — » E, defined over 
an invariant subset S C M, will be said to be equivariant with respect to g 
if tp(tg) = g(g) ■ <p(sg) for all g G Q(S, S). We shall call an arbitrary partial 
section tp : S — > E smooth, when for every m G M one can find an open 
neighbourhood B C M of m and a smooth local section to E over B which 
restricts to ip on the intersection B S. 

2.2 Equivariant Extension Lemma Let Q be a proper Lie groupoid, 
and let M denote its base manifold. Let (E,g) be a representation of Q. 
Then, each g-equivariant smooth partial section tp : S — > E (defined over an 
invariant subset S of M) can be extended to a global g-equivariant smooth 
section $ : M — > E. 

Proof. To begin with, we construct a smooth section ip : M — > E extending 
if (possibly not equivariant), as follows. Cover M with a family of open subsets 
{Bi} such that for each i there exists a smooth local section <fi : Bi — > E 
extending tp. Since M is paracompact, there is some smooth partition of unity 
{.fj} over M, subordinated to the given open cover. Then, 

is the desired global extension. 

The correspondence g \— > gig^ 1 ) ■ ip{t g) yields a smooth map W : Q — > 
i?, which, for every x G M, restricts to a smooth map ^ x : Q x — > ^ on 
the corresponding source fibre. Since 5 is proper, we can fix a normalized 
Haar system {pL x } on Q. For all x, the vector valued smooth map ^ x must be 
integrable with respect to \i x . Then, put 

d = f y tf^d/x 1 g 

It can be easily checked that the resulting smooth section $ : M — > E 1 extends 
and is equivariant with respect to g. q.e.d. 

2.3 Proposition Let (E, g) and (F,<;) be representations of a proper Lie 
groupoid Q. Let xo be a point of the base manifold M of Q, and let G 
denote the isotropy group of Q at xq. Suppose that A is a G-equivariant 
linear map of E XQ into F Xo . Then there exists a morphism of representations 
a : (E, q) — > (F, ?) in Rep (g) such that a Xo = A. 

Proof. Let L(E, F) be the vector bundle over M whose fibre at a generic 
base point x is the vector space L(E X , F x ). Given any arrow g G Q(x, x'), we let 
^(fiN^Xff) denote the linear map 

(Ah^oAo^- 1 )} :L(E x ,F x )^ L(E x ,,F x ,). 

The pair i y L(E,F) 1 L(g 1 q) s ) is a representation of the groupoid Q. Let S C M 
denote the ^-orbit through xo, and let tp : S — > L(E, F) be the map 

{s i ^ ^(g) o Ao g(g- 1 )\g £ G(x ,s)}. 
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(This is well-defined, because A is a homomorphism of G-modules.) Note that ip 
is a section of L(E, F) over S, equivariant with respect to L(g, Furthermore, 
ip is a smooth mapping of S into L(E,F), because, locally about any point 
so £ S, it is obtained by composing a smooth target section Wo Q(xq,-) 
(defined over a small open neighbourhood Wo C S of so) with the smooth map 
Q(xo, -) — > ^(-E, -F) given by 5 1— > <r(g) o A o £>(<7 _1 ). Since 5 is a submanifold of 
M, it follows that ip is a smooth partial section of L(E,F). 

The Equivariant Extension Lemma then provides us with a global smooth 
section a : M — > F), equivariant with respect to ?), and extending <p. 
The proof is now finished. q.e.d. 

2.4 Definition One has a canonical homomorphism irg : Q — > T(Q), defined 
by setting 

(18) ng(g)(R) ■= Q(g) for all R = (E, g) £ Ob RepfG). 

From Lemma ITT71 and the identities B(e,q) 07V g = g, it follows that irg is 
a homomorphism of C°°-groupoids. In fact, the canonical homomorphisms 
altogether determine a natural transformation tv : Id — > T(-) (between functors 
from the category of Lie groupoids into that of C°°-groupoids). 

The next theorem is the central result of this section. For the benefit of 
the reader, we shall give a self-contained proof of this result even though the 
same argument has already appeared in an earlier paper of our£| in a different 
theoretical framework. 

2.5 Theorem Let Q be a proper Lie groupoid. Then the canonical homo- 
morphism trg : Q — ► T(Q) is full, i.e., surjective. 

Proof. We start by proving that if the set Q(x,x') is empty then the same 
is true of the set T{Q){x,x'). 

Let ip : Qx U Qx' — > C be the function which takes the value one on the 
orbit Qx and the value zero on the orbit Qx' . (Recall that these are closed 
submanifolds.) This function is well-defined, because Q{x,x') is empty. By 
Lemma \2.2\ there is a global invariant smooth function $ extending tp. Being 
invariant, $ determines an endomorphism a of the trivial representation C such 
that a z — &(z) idc for all z; in particular, a x = id and a x > = 0. Now, suppose 
there is some A e T(Q)(x,x'). Because of the naturality of A, the existence of 
the morphism a contradicts the invertibility of the linear map A(C). 

We are therefore reduced to proving that the induced isotropy group homo- 
morphisms (Ttg)x ■ Qx — * T{Q) X are surjective for all x. So, let x be an arbitrary 
base point. As x will be fixed throughout the rest of the proof, put 7r = (irg) x 
and, for any representation R = (E, g) of Q, let -kr denote the representation 
of the Lie group Q x on the vector space E x given by g 1— > n(g)(R). Also, let C 
denote the category Rep (Q), and F the functor Fg tX from C into the category of 
finite dimensional complex vector spaces ([6]). 

Put K = Kern C Q x . This is a closed normal subgroup, because it coincides 
with the intersection P|Ker7TR over all objects R of C. On the quotient G = 
Q x /K there is a unique (compact) Lie group structure such that the quotient 
homomorphism Q x G becomes a Lie group homomorphism. Every ttr can 

X G. Trentinaglia, "Tannaka duality for proper Lie groupoids," preprint. Posted on the 
ArXiv under a different title. 
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be indifferently thought of as a continuous representation of Q x or a continuous 
representation of G, and every linear map A : F(R) — > F(S) is a morphism of 
G-modules if and only if it is a morphism of ^-modules. Being continuous, 
every 7Tr is also smooth. 

We claim there exists an object Ro of C such that the corresponding 7Tr is 
faithful as a representation of G. Indeed, by the compactness of the Lie group 
G, we can find R±, . . . ,Ri 6 Ob(C) with the property that 

(19) KerTr^ n ■• • nKerTr^ = {e}, 

where e denotes the unit of G; compare [!], p. 136. Then, if we set Rq = 
Ri © • • • © Re, the representation tt^ will be faithful because of the existence 
of an isomorphism of G-modules 

(20) F(R X © ■ ■ ■ © R e ) w F(Ri) © • • • © F(R e ). 

Now, every irreducible, continuous, finite dimensional, complex G-module 

V embeds as a submodule of some tensor power F(R )® k ® (F(R )*)® e ; see, 
for instance, [I], p. 137. Since each n(g) is a self-conjugate, tensor preserv- 
ing natural transformation, this tensor power will be naturally isomorphic to 

F ^i?o® fe <%> (Ro*)® e j as a G-module and hence, for each object V of the cat- 
egory Rep (G) of all continuous, finite dimensional, complex G-modules, there 
will be some object R G Ob(C) such that V embeds into F(R) as a submodule. 

Next, consider an arbitrary natural transformation A £ End(F). Let R 
be an object of the category C, and let V C F(R) be a submodule. The 
choice of a complement to V in F(R) determines an endomorphism of mod- 
ules Py ■ F(R) — > V =— > F(R), which, by Proposition 12.31 must come from 
some endomorphism of R in C. This implies that the linear operators X(R) and 
Pv on the space F(R) commute with one another and, consequently, that X(R) 
maps the subspace V into itself. Hereafter, we shall omit any reference to R 
and write simply Xy for the linear map that X(R) induces on V by restriction. 
Note finally that, given another submodule W C F(S) and any equivariant map 
B : V — > W, one has the following identity of linear maps: 

(21) BoX v = X w o B. 

To prove this identity, one first extends B to an equivariant map F(R) — > F(S) 
and then invokes Proposition 12.31 once again. 

Let F<3 denote the functor Rep (G) — ► Vec that assigns each G-module the 
underlying vector space. We will now define an isomorphism of complex algebras 

(22) 6 : End(F) ^ End(F G ) 
so that the following diagram commutes 

g x ^~End(F) 

(23) w ~ fl 

G " G > End(F G ). 

For each G-module V, there exists an object RoiC together with an embedding 

V F(R), so we could define 6>(A) (V) as the restriction Ay of A(i?) to V. 



13 



Of course, it is necessary to check that this does not depend on the choices 
involved. Let two objects R, S G Ob(C) be given, along with two equivariant 
embeddings of V into F(R) and F(S) respectively. Since it is always possible 
to embed everything equivariantly into F(R® S) without affecting the induced 
Ay, it is no loss of generality to assume R — S. Now, from the identity l[2Tj) 
above, it follows that the two embeddings actually determine the same linear 
endomorphism of V. This shows that 9 is well-defined. The same identity 
also implies that 9(X) <E End(Fc). On the other hand, put, for /i £ End(Fc) 
and R G Ob(C), ^i F (R) := n(F(R)). Then fi F G End(F) and 9{^i F ) = n, 
because of the existence of embeddings of the form V c — > F(R) and because 
of the naturality of fJL. This shows that 9 is surjective, and also injective since 
A(i?) = 9(X)(F(R)). Finally, it is straightforward to check that f23|) commutes. 

In order to conclude the proof, it will be enough to check that 9 induces a 
bijection between End®(i 7 ') and End®(Fc), for then our claim that n is sur- 
jective will follow immediately from the commutativity of f23|) and the classical 
Tannaka duality theorem for compact groups (which says that ttq establishes 
a bijection between G and End®(Fc); see, for example, [12] or [1]). This can 
safely be left to the reader. q.e.d. 

2.6 Definition We call a Lie groupoid Q reflexive, when the corresponding 
canonical homomorphism 7rg is an isomorphism of C°°-groupoids. 

2.7 Theorem Suppose Q is proper. Then, the canonical homomorphism 
-Kg : Q — ► T(Q) is an isomorphism of topological groupoids if, and only if, 
it is faithful (i.e., injective). 

Proof. The only thing we have not yet proved is that when -Kg is faithful, 
for any open subset T (of the manifold of arrows) of the groupoid Q and for 
any point g G T, the image irg(T) is a neighbourhood of Ttg(g) in (the space of 
arrows of) the groupoid T(Q). 

We start by showing that there exists a representation R = (E, g) of Q, 
and an open ball P C GL(E) centred at g(g), such that g^ 1 (P) C T. Suppose 
g G Q(x,x'). By one of the remarks we made in the course of the proof of 
Theorem 12.51 there is a representation R — (E, g) whose associated isotropy 
homomorphism g x : Q x — > Aut(E x ) is faithful. The restriction of such a repre- 
sentation to the subset Q(x, x l ) is injective. Fix a decreasing sequence 



The sets Si form a decreasing sequence of closed subsets of the manifold of 
arrows of Q, with empty intersection. By the properness of Q, there exists some 
i such that £j = 0. This proves the claim. 

With this information at hand, we can conclude at once by the surjectivity 
of 7Tg (Theorem 12. 5p . Indeed, on the one hand, we have 



■ • • C P i+ x C Pi C • • • C Pi 



of open balls in GL(E) converging to g(g). Put 



:=g- 1 (P~)-T. 



*0(g) e Sr-^P) = ngng-^R-^P) 



On the other hand, sr 1 (P) is already known to be open. 



q.e.d. 
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The following lemma is a direct consequence of a more general statement 
which will be proved in the next section. 

2.8 Lemma Let Q be a Lie groupoid, and let g : Q — > GL(E) be a 
representation of Q . Let T be an open subset (of the manifold of arrows) 
of Q. Suppose that for some pair of base points x, x' , the representation g 
restricts to an injection on the subset T(x, x') :=m Q(x, x'). Then g is an 
immersion on some open neighbourhood of the same subset. 

Proof. This is the special case of Lemma 13.81 (see the next section) where 
H = Q, W = Q' = T' = GL(E), p = pf = identity, and ip = g. q.e.d. 

We shall say that a Lie groupoid Q has enough representations, when for 
each base point x and for each g £ Q(x,x') with g ^ x, there exists some 
representation g : Q — > GL(E) such that g(g) ^ i&E x - Then, we have the 
following characterization of reflexivity for proper Lie groupoids: 

2.9 Theorem A proper Lie groupoid is reflexive if and only if it possesses 
enough representations. 

Proof. The existence of enough representations implies that the canonical 
homomorphism is faithful and hence that it induces, in view of Theorem 12.71 a 
homeomorphism between the (space of arrows of the) given proper Lie groupoid 
Q and (that of) the corresponding Tannakian bidual T(Q). Thus, it will suffice 
to show that tvq is a local isomorphism of C°°-spaces. 

Let g £ G(x, x') be given. As it was already observed in the proof of 
Theorem 12.71 we can find R = (E, g) G Ob Rep (£) such that the restriction 
g-x,x' ■ G(x,x') — ► lso(E Xl E x i) is injective. Then, by Lemma [2.8} g induces a 
diffeomorphism g\r ■ T ~ g(T) between an open neighbourhood T of g in Q and 
a submanifold g(T) of the linear groupoid GL(E). Now, put = -Kg(T). We 
know that Ttg\r '■ T — > is a homeomorphism and a C7°°-mapping. Moreover, 
we know that the evaluation representation e^lo : ^ — > GL(E) induces a C°°- 
mapping from Q, onto £r(£1) — g(T). Hence, (ttsIt)" 1 = (f?|r) _1 ° £r\q is also 
a C^-mapping, from fl onto T. This finishes the proof. q.e.d. 

This is a good point to discuss some examples. Actually, we start with a 
counterexample (TBI 22], which shows that not every proper Lie groupoid is re- 
flexive. This counterexample makes it clear that the classical duality theorem 
of Tannaka cannot be generalized to proper Lie groupoids, at least in the frame- 
work of representations on vector bundlesH Recall that a bundle of (compact) 
Lie groups is a (proper) Lie groupoid whose source and target map coincide. 

2.10 Example: a bundle of compact Lie groups not having enough 
representations We start by constructing, for any Lie group H and any 
automorphism \ G Aut (H) , a (locally trivial) bundle of Lie groups with fibre 
H over the unit circle S 1 , hereafter denoted by H[x]- 

As a topological space, H[x] is defined to be the quotient of the Cartesian 
product R x H induced by the equivalence relation 

(24) (t,h) ~ [t',ti) t'-teZ and hi = X*' - *^). 

2 One can define a notion of representation on a more general type of linear bundle which 
makes this generalization possible, though. Compare |22| . 
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The bundle fibration H[\] — > S 1 is induced by the map (i, ft) i— > exp(27rit). In 
terms of representatives of equivalence classes, the composition law is given by 

(25) [t\ ft'] ■ [t, ft] := [t', /i'x*'"*(/i)] • (Defined when t'-tG Z.) 

As to the differentiable structure, consider the open cover of S 1 given by the two 
open intervals I = (0, 1) and J = (— §, 5) (more precisely, the images thereof 
under the exponential map). One has two corresponding smoothly compatible 
local trivializing charts for H[x] — * S 1 , namely 




H[x]i —> I x H , given by [t, ft] i-> (exp(27ni), ft), < t < 1, and 
H[x\j ^ J x H, given by [i, ft] ^ (exp(27rii), ft), -i < t < \. 



These charts determine the differentiable structure. The transition mapping is 
given by the identity over (0, 1/2) and by the diffeomorphism (z, h) (z, x(ft)) 
over (1/2, 1). So H[x] will not be globally trivial, in general. 

We proceed to consider the following special case. Take H := T 2 to be the 
two-torus. Fix an arbitrary integer t € Z, and consider the map 

(27) X £:T 2 ^T 2 given by (a, b) ^ (a, a e b); 

Xi is an automorphism of the Lie group T 2 (its inverse being X-l)- 

It is a nice exercise — involving only some elementary knowledge of the rep- 
resentation theory of Lie groups — to show that (provided £ ^ 0) the image of 
the following embedding of bundles of Lie groups over S 1 

(28) ^iS'xT^T^,], (exp(2mt),b)^[t,(l,b)] 

is contained in the kernel of every representation of the Lie groupoid H[x}. In 
fact, one can say more. Consider the following map 

(29) fa ■ T 2 [ X i] -* S 1 x T 1 , [t, (a, b)} * (exp(2nit), a). 

This is an epimorphism of bundles of Lie groups over S 1 . Its kernel is precisely 
the image of the embedding <f>(. Then, it is easy to show that the pullback along 
ipe yields an isomorphism of representation categories 

(30) ^* : Rey^S 1 x T 1 ) ReE(T 2 [ X ,]) 

over the base manifold S 1 , i.e., compatible with the two canonical forgetful 
functors into Vec (S 1 ). Since two isomorphic (or even equivalent) representation 
categories over the same base manifold must be regarded, for all purposes of 
any reasonable duality theory, as indistinguishable, one is led to the conclusion 
that there cannot be any procedure by means of which one can possibly recover 
the groupoids T 2 [x<>], I ^ 0. 

After this counterexample to reflexivity, let us turn our attention to some 
positive examples. 

2.11 Example: transitive proper Lie groupoids Recall that a Lie group- 
oid G is said to be transitive when the combined source-target map 

(31) (s,t):g^ xe<°>, g ~ (s(g),t(g)) 
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is a surjective submersion. Any transitive proper Lie groupoid is Morita equiva- 
lent to a compact Lie group; see, for instance, [20]. It is an easy exercise, in view 
of the remarks about Morita equivalences at the end of the preceding section, 
to show that any such groupoid is reflexive. 

2.12 Example: action groupoids associated with compact Lie group 
actions For each smooth (left) action of a Lie group G on a manifold M, 
there is a Lie groupoid G x M with base M, called the action (or translation) 
groupoid associated with the given action of G on M. One takes the Cartesian 
product G x M as the manifold of arrows, the projection (g,x) i— > x as the 
source, the group action (g, x) i— * gx as the target, and the operation 

(32) (g',x')(g,x) = (g'g,x) 

as the composition law. Any action groupoid K x M associated with a smooth 
action of a compact Lie group K on a manifold M is reflexive. Indeed, if V is 
any faithful -ftf-module, in other words, any faithful representation K <^-» GL{V) 
on a finite dimensional vector space V, then we get a corresponding faithful 
representation of the groupoid K x M on the trivial vector bundle M x V: 

(33) (fc,a;) i-> {(x,v) \-> (kx,k-v)}. 

2.13 Example: source-proper etale Lie groupoids Recall that a Lie 
groupoid is said to be etale, if its source and target map are etale, that is, 
local smooth isomorphisms. We shall say that a Lie groupoid is source-proper, 
whenever the corresponding source map is proper. 

For any source-proper etale Lie groupoid G, one has the corresponding reg- 
ular representation (R, g) = (R? , g g ) S Ob Rep (G), defined as follows. For each 
base point x, let £(x) := \s~ 1 (x)\ denote the cardinality of the respective source 
fibre (which is a finite set, as a consequence of the fact that, by our hypotheses 
on G, the source must be a locally trivial map with discrete fibres). Then put 

(34) ^:=C°(*- 1 (a!);C)«C' ( * ) . 

The local identifications Ru « U x C £ obtained in the obvious way from the 
local trivializations G u ~ U x {1,...,£} for the source map of G provide a 
convenient atlas of local trivializing charts for the vector bundle R. Define 

(35) g(g) : R x - as / h- g(g)(f) := f(-g). (where g e G(x, x 1 )) 

This action of G on R is smooth — because in any local trivializing charts it 
looks like a constant permutation — and, of course, faithful. 

2.14 Example: effective orbifolds For any smooth manifold M, let TM 
denote the groupoid over M whose arrows x — > x' are the germs of local diffeo- 
morphisms in M mapping x to x' . If G is an etale Lie groupoid over M, one has 
a canonical homomorphism of groupoids G —> TM over M, the so-called effect 
of G, defined by sending any arrow g to the germ of local smooth isomorphism 
associated with a sufficiently small open neighborhood of g in the manifold of 
arrows of G- An effective Lie groupoid is, by definition, an etale Lie groupoid 
whose effect is faithful. Compare [20] . 

For any etale Lie groupoid, one has a representation on the tangent bundle of 
the respective base manifold, the tangent representation, obtained by assigning 



17 



every arrow g the differential of the effect of g at the point s(g). In the proper, 
effective case, the tangent representation can easily be shown to be faithful. For 
a proof of this fact, we refer the reader to Section 28 of [22] . 



§3 Representative charts 

The counterexample to reflexivity presented in the previous section (Example 
12. 10p motivates the following 

3.1 Definition We shall say that a Lie groupoid Q is parareflexive, if the 
Tannakian bidual T(Q) is a Lie groupoid and the canonical homomorphism 
ng : Q — ► T{Q) is a surjective submersion. 

Let us point out a couple of direct consequences of this definition. First of 
all, the categories of representations of any parareflexive Lie groupoid and of the 
corresponding Tannakian bidual are the same, in view of the following result 
(which we anticipated in Section [1]): 

3.2 Proposition Let Q be a Lie groupoid whose associated canonical 
homomorphism ixg is full, i.e., surjective. Then the evaluation functor 

e : Reg(Cf) — > Rej>(T((/)), R = {E, q) h-» (E, e r ) 

is an isomorphism, having the pullback tvq* for inverse. 

Proof. Trivial. q.e.d. 

Secondly, the bidual of any parareflexive Lie groupoid must be a reflexive 
Lie groupoid. This follows from Proposition 13.21 and the remark that if 

Ree(£) |— »■ Repffl) 

F o F-h 

Vec(M) ^=^= Vec(M) 

is an isomorphism (more generally, an equivalence) between the representation 
categories of two Lie groupoids over the same base manifold M, then there is 
a corresponding C°°-isomorphism <f) ■ T{TL) — ► T(Q), which, in the special case 
H = T(Q), * = e, will provide a C^-inverse for 7Tt(S)- (Compare [22], §24.) 

In the present and in the next section, we shall delve into the property 
of parareflexivity for proper Lie groupoids. It is our purpose to obtain, for 
such groupoids, an explicit necessary and sufficient condition for parareflexiv- 
ity, hopefully a direct generalization of the characterization of reflexivity we 
obtained in the preceding section (Theorem I2.9p . 

To motivate the next definition, let us consider any parareflexive, proper Lie 
groupoid Q. By the properness of G, we know (from the proof of Thm. I2.5[ 
for instance) that for any pair x, x' of base points there exists a representation 
R = (E,g) of Q such that the corresponding evaluation representation sr : 
T(ff) — > GL{E) restricts to an injection on the subset T(Q)(x,x'). Under 
the assumption that Q is parareflexive, Lemma 12.81 implies that the smooth 
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representation £r is an immersion in the vicinity of the same subset. Thus, 
any given arrow of the bidual T(Q) will have an open neighbourhood f2 (in the 
manifold of arrows of the same groupoid) such that sr induces a diffeomorph- 
ism — a fortiori, a bijection — onto a submanifold R(Cl) := Br(ST) of the manifold 
of arrows of the linear groupoid GL(E). 

3.3 Definition Let Q be a proper Lie groupoid. We shall call representative 
chart (for the bidual of Q) any pair (fl, R) consisting of an open subset fl of the 
space of arrows of the groupoid T(Q) and an object R = (E, g) 6 Ob Rep (Q) 
such that £r : T(Q) — > GL(E) induces a bijective correspondence between fl 
and a submanifold of the manifold of arrows of the linear groupoid GL(E). 

3.4 Remark This notion is tailor-made for proper Lie groupoids. By suitably 
modifying it, one can generalize some of the results below — Prop. 13. 7} for in- 
stance — to arbitrary Lie groupoids. We shall refrain from doing this here. For 
the general theory, we refer the reader to Chapter V of [22] . 

In order to make Definition 13.31 more plausible, we proceed to show that, 
in fact, for any representative chart (ft, R) the bijection sr : £1 ^ R(fl) := 
£r(CI) is a homeomorphism. From the considerations preceding Definition I3.3[ 
it will follow that when Q is parareflexive, the map A i— > A(i?) must induce a 
diffeomorphism between Q and a submanifold of GL(E). This justifies 

the name of "chart". 

3.5 Lemma Suppose that Q is proper. Let (E, g) be a representation of 
Q , and let T be an open subset of (the manifold of arrows of) Q such that 
the image E = g(T) is a submanifold of (the manifold of arrows of) GL(E). 
Then the restriction of g toT is a submersion onto E. 

Proof. To begin with, we observe that the map £ — > M induced by the 
source map of GL(E) by restriction is a submersion. Indeed, for each a E E, 
let us say a — g(j) with 7 6 T, there exists some smooth local source section 
U — » r, defined over a neighbourhood U of the base point x = s(-j), sending 
x 1— > 7; hence, upon composing with g, we obtain also a smooth local source 
section U — > E sending x 1— » a. 

Fix now 7 6 T, and put a = £(7). Let x = s(7). By the preceding remark, 
there exist, in some open neighbourhoods T(7) C F of 7 and E(tr) C E of a, 
trivializing charts for the source map (on T and E respectively). In suitably 
chosen such charts, the restriction of g will take the following form: 

U x k m » r( 7 ) glr(7) — ► E(<t) Rit/xf, (u, x) h-» (u, y(u, x)) 

(for some open neighbourhood U of x in M). If we can show that the partial 
map x 1— > y(x,x) is submersive at zero, we are clearly done. To this end, we 
proceed to check that the restriction 

Q\Q{x,-) ■ Q(x,-) ► g(g(x,-)) 

is a submersion (at 7 now generic) onto a submanifold of GL(E). 

Choose any open subset V C Af, with x' = £(7) G V, small enough to 
ensure that a local G-equivariant chart Q(x,S) ~ S xG (where G denotes 
the isotropy group of Q at x) can be found over S = (Q ■ x) C\U' . It is no 
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loss of generality to assume that 7 corresponds to (x',e) in this chart (e being 
the unit of G). We obtain a smooth section sh (s, e) h j h to the 
target map of GL(E) over S. Next, observe that the isotropy homomorphism 
g x : G — > GL{E X ) induced by g factors through the quotient K = G/Kerg x . 
The closed Lie subgroup K =— ► GL(E X ) and the target section 5 GL{E) can 
be combined into an embedding S x K ^ GL(E) closing the diagram 

5 x G — ^-+Q(x,S) 

Q 

S x K c >■ GL(E). 

The proof is now evidently finished, because Q(x,S) — 9(x, -) PI /: _1 (C/') and 
q{G(x,S)) = g(Q(x,-)) C\t-\U'). q.e.d. 

Now, if we make T = (7rg) _1 (il), we have p(r) = i?(Sl), because of the 
identity er o 7Tg = g and because of the surjectivity of -Kg (Theorem 12, 5p , On 
the other hand, Lemma 13.51 tells us that g : T — > i?(Sl) is a submersion. The 
bijection £r ; : £1 — > R(Q) is therefore an open mapping and hence, being also 
continuous, it must be a homeomorphism. 

3.6 Remarks (a) Given two isomorphic objects R « S in the category 
Rep (G), the pair (SI, R) is a representative chart for the bidual of Q if, and only 
if, the same is true of the pair (SI, S). 

(b) Let (SI, R) be a representative chart for the bidual of Q. Then, for each 
open subset SI' C SI, the same is true of the pair (SI', R). (This is a consequence 
of the result that £r ■ : ft — > i?(Sl) must be a homeomorphism.) 

A first step in the direction of an effective characterization of parareflexivity 
in the proper case is represented by the following 

3.7 Proposition Let Q be a proper Lie groupoid. Then the Tannakian 
bidual T(G) is a Lie groupoid if, and only if, the following two conditions 
are satisfied: 

(i) the domains of representative charts cover the space of arrows of the 
bidual groupoid T{Q), i.e., for each arrow A in T(Q) there exists a 
representative chart (f2, R) with A <E SI; 

(ii) if (SI, R) is a representative chart, the same is true of (SI, R © S) for 
any other representation S of Q. 

Before we embark into the proof of this proposition, we need to establish a 
technical lemma (compare Lemma [278]) . 

3.8 Lemma Let p : Q — > H, p' : Q' — > Ti' , and -0 : H — > H' be homo- 
morphisms of Lie groupoids over a manifold M. (It is understood that they 
are identical on M.) Let T, resp., V be an open subset of (the manifold 
of arrows of) Q , resp., Q' such that the image S = p{T), resp., £' = p'(T') 
is a submanifold of (the manifold of arrows of) H, resp., H' . Suppose, in 
addition, that the induced maps T — > E and V — > £' are open. 

Assume that ifi sends E into £', and let V's : E E' be the induced 
map. Put E(x, y) := E n 7i(x, y), and let a G E(x, y). Suppose finally that 
tp is injective on E(x, y). Then ipx is an immersion at a. 
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Proof. By reasoning as we did in the first half of the proof of Lemma I3.5[ 
we are reduced to showing that the restriction 



(36) 



E(x,- 



:E(x,-) — >V(x,-) (where :=SnH(i,-) etc.) 



is an immersion at a (note that £(#,-) C £ and £'(£,-) C £' are submani- 
folds, because, as we observed at the beginning of the proof of Lemma [375], the 
restriction of the source map of 7i, resp., Ji! to E, resp., £' is a submersion). 

The Lie groupoid homomorphism p induces a homomorphism p x : Q x — > Ti. x 
between the isotropy groups at x. By factoring out the kernel of p x , we obtain 
a Lie subgroup rj : G =-» where G = Q x /Kerp x . It is not hard to see that, 
from our assumptions, it follows that there exist an open neighbourhood A of 
the unit e in G and a smooth target section t : Z — » TL{x,-) defined over a 
submanifold ZcM containing y with r(y) = cr, such that the mapping 



(37) 



rj : Z x A ^ Ti{x, -), (z, a) i— ► r(z) • 77(a) 



defines an open embedding of 2 x 4 onto some open neighbourhood of er in 
£(&,-), in other words, a local parametrization for £(x, -) in the vicinity of cr 
by the "parameter set" Z x A. (More details can be found in [22], §22.) 

With respect to any two (conveniently chosen) local parametrizations of 
the form l(37|) . let us say, r • rj : Z x A =— ► E(x,-) in the vicinity of cr and 
E'(a;, -) in the vicinity of cr', the restriction of ip reads 



r' • if : Z' x A' 



(38) 



(z, a) 1— > (z, a'(z, a)). 



Thus, we are further reduced to showing that the partial map a 1— > a'(y,a) on 
v4 is an immersion at the unit e g G. (Note that this map is injective, by 
assumption.) Consider the following commutative diagram: 



.4: 



; "H x 



r(tf)- 1 - 



H(x,y) - 

T-7] 

{y}xA- 



^(r(v)) _1 - 



■U'{x,y) 
{y} x A' 



.4' 



The bottom map in this diagram is precisely a 1— > a'(y,a). Now, it is not 
difficult to see that there is a unique Lie group homomorphism <fi : G — > G' 
such that 77' o = ip x orj. Since agrees with a 1— > a'(y,a) on vl, it must be 
immersive, because so must be any Lie group homomorphism which is injective 
in a neighbourhood of e. Hence a 1— > a!(y,a) is immersive at e. q.e.d. 

3.9 Corollary Under the same assumptions as in Lemma 1375} suppose, in 
addition, that tpj: is a homeomorphism of S onto £'. Then the same map 
is actually a diffeomorphism between E and £'. q.e.d. 

Proof of Proposition (Necessity.) Let T{Q) be a Lie groupoid. The 

assertion that Condition (i) is satisfied is actually the content of the remarks 
preceding Definition! 
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As to Condition (ii), let any representative chart (SI, R) be given, with R = 
(E,g), and let S — (F,<;) be an arbitrary representation of Q. To begin with, 
we observe that the evaluation representation £r®s injects SI into GL(E © F); 
indeed, since X(R © S) — X(R) © X(S) for all A in T(Q), we have that £j?®5 
factors through the submanifold (in fact, embedded subgroupoid) 

(39) GL(E)x Mx m GL(F)^ GL(E®F), {ji t v)»n®v 

via the map A i— » {e r{X) , e s{X)~) , which must be injective on SI, because, by 
hypothesis, so is sr. From this observation and from Lemma 13.81 it follows 
that £_r©s is an immersion on SI. We contend that £i?©s actually induces a 
homeomorphism between SI and a subspace of GL(E © F); once this is proved, 
it will follow that (R® S)(Cl) is a submanifold of GL(E © F). Now, let an 
open subset 0' C SI be given. Fix an arbitrary open subset A' C GL(E) with 
i?(Sl) (~l A' = R(fl') (such subsets exist because SI and i?(Sl) are homeomorphic 
via £r). Then our contention follows at once from the identity 

(R © 5*) (SI) n (A' x mxm GL(F)) = (R®S)(Q'). 

(Sufficiency.) Suppose the two conditions (i) and (ii) are satisfied. We claim 
that when ($1, R) is an arbitrary representative chart, the map £r establishes 
a C°°-isomorphism between the C°°-space (0,^°°|n) (see Section [1]) and the 
submanifold X = i?(Sl) of the linear groupoid GL(E). 

We know that £_r|o : & — * X is a C°°-mappmg, because the evaluation 
representation £r : T{Q) — > GL{E) is a C7°°-homomorphism. (Lemma QUI) 

The smoothness of the inverse bijection (£fl|n) _1 : X — > SI is less obvious. 
We have already proved that this is a homeomorphism. Now, recall our notation 
(501Q3]) from Section[U Suppose r 

— r s,tfi,ri,r)' 6 3$°° (Cl), and let / be the unique 
function on X such that / o e R = r. We want to show that / £ C°°(X). Since 
/ = q^>,n,ri' ° £ s ° (£i?|o) _1 , it will be enough to show that £5 o (£_r|o) _1 is a 
smooth mapping from X into GL(F). Note that the groupoid 

(40) GL(E) . prE GL(E) x MxJ , GL(F) Wf > GL(F) 

is the product of GL(E) and GL(F) in the category of Lie groupoids over M; in 
particular, the projections pr^ and pr F are homomorphisms of Lie groupoids 
over M. We have the following commutative diagram 

(R © S)(fi) C !^f_- G£(£) x MxM GL(F) 




homeomorphism 



A = fl(n) C submanifold >- GL(E), 

where we define e^s as the map whose composition with the embedding f39|) 
equals the inclusion of (R®S)(Q.) into GL(E © F). Now, by Condition (ii), 
(Q,R®S) is a representative chart. In particular, (R®S)(Cl) is a submani- 
fold of GL(E © F) and, consequently, of the product groupoid (|4*0|) . Put 
r = 7Tg; _ (f2). By the surjectivity of -Kg (Theorem 12. 5p and Lemma [3.5^ the 
maps 

(ees)|r:r — >(R®S){Q) and g\ T : T — > R{Cl) 
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must be open (in fact, submersive) surjections. Then we can apply Corollary 
13,91 with ip = pr E , Q 1 = Q , p = (g, <r) (that is, the unique Lie groupoid homo- 
morphism of Q into (J40j) which composed with lf39|) yields g (B <r) , p' = g, and 
r' = T, in order to conclude that the transition homeomorphism in the pre- 
ceding diagram is in fact a diffeomorphism. This implies the smoothness of the 
map eg o (efljn) -1 : X — > GL(F), as it is clear from the commutativity of 



(R®S)(fl) 



(trans. difFeo.) 

(efiln)" 



(smooth) 



GL(E) Xmxm GL(F) 
^ GL(F). 



From Condition (i), it follows that makes T(C?) a smooth manifold 
and that for each representative chart (ft, R) the restriction £_r|o induces a 
diffeomorphism of f2 onto R(fl). Finally, it is not difficult to see, by using 
the remark at the beginning of the proof of Lemma 13.51 once again and the 
surjectivity of tvq, that the source map of the groupoid T{Q) is a submersion. 
This completes the proof that T{Q) is a Lie groupoid. q.e.d. 

Our (provisional) characterization of the property of parareflexivity for 
proper Lie groupoids is the following improvement on Proposition 13. 71 

3.10 Proposition (Parareflexivity I) A proper Lie groupoid is parare- 
flexive if, and only if, the space of arrows of the respective Tannakian bidual 
can be covered with domains of representative charts. 

Proof. We begin by proving that the condition (ii) of Proposition 13.71 is 
superfluous, i.e., satisfied by any proper Lie groupoid Q. 

We need a general remark about submersions first. Suppose we are given a 
commutative triangle of maps between smooth manifolds 




where / is a submersion onto X, f is smooth, and s is any map making the 
triangle commute. Then s is smooth. In particular, when also /' is a surjective 
submersion, s must be a diffeomorphism whenever it is bijective. 

Let a representative chart (il, R) be given, in which, let us say, R — (E, g), 
and let S — (F, <;) be any representation of Q. Put T = (7Tg)~ 1 (f7). We know 
that g induces a submersion of F onto a submanifold X = R(fl) of GL(E). 
Then, in l(4"Tj) . take / to be the restriction g\r ■ T — > R(£l), f to be the map 

( e ,0|r : T — GL{E) x MxM GL(F), g -» (g(g)^(g)), 

and s to be 

(e R ,£ S ) o (eRln)- 1 : R(fl) ~ * GL(E) x„ xM GL(F). 

By our remark about submersions, s is a smooth section to the projection pr E 
(|40ll and hence, in particular, it must be an immersion. We contend that s is 
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an embedding of manifolds; from this, it will follow that (R,S)(Q.) = s(R(SY)) 
is a submanifold of the product groupoid f40|) and hence that (fi, R © S) is a 
representative chart. Now, for each open subset A of GL(E), we have 

s(R(Q) n A) - sOR(O)) n (A x M xm GL{F)). 

Thus, the map s is an open, one-to-one correspondence between R(fl) and the 
subspace s(R(fl)) of the product groupoid ((301) - Our contention is proven. 

To finish the proof, we need to show that tvq is a submersion. (Recall 
Definition l3.ll ) By the condition (i), this follows easily from Lemma l3~5l and the 
remark that for any representative chart (fl, R) the bijection £_r|q : ~ R(fl) 
must be a diffeomorphism. q.e.d. 



§4 Main criterion for the smoothness of the bi- 
dual 

The present section is a continuation of the preceding one. Here, we derive an 
explicit, "algebraic" characterization of pararefiexivity for proper Lie groupoids 
(no longer involving the notion of representative chart), which is to provide a 
counterpart to Theorem 12.91 We conclude with some examples. 

Let Q be a Lie groupoid over a manifold M . We say that a submanifold 
X C M is a slice at x G X, if the orbit immersion Qx <— ► M is transversal to X 
at x. A submanifold S C M will be called a slice, if it is a slice at each point 
s G S. Note that if AT is a submanifold of M, and g G Q x := s^ 1 (X), then X 
is a slice at x = s(g) if, and only if, the intersection Q x nr^i'), x' = t(g) 
is transversal at g. From this remark, it follows that for each submanifold X, 
the subset of all points at which X is a slice forms an open subset of X. If a 
submanifold S is a slice, then the intersection s^ 1 (S) n t^ 1 (S) is transversal, so 
that the restriction Q\$ is a Lie groupoid over S; moreover, Q ■ S is an invariant 
open subset of M. 

For a proof of the following theorem, we refer the reader to the original paper 
by Zung [24]. We also mention here an earlier paper by Weinstein [23J, which 
covers the regular case. 

Local Linearizability Theorem (N. T. Zung) Let Q be a proper Lie 
groupoid. Let x be a base point which is not moved by the standard action 
of Q on its own base. 

Then there exists a continuous linear representation G — » GL(V) of the 
isotropy group G = Q x on a finite dimensional vector space V such that, 
for some open neighbourhood U of x, one can find an isomorphism of Lie 
groupoids G\u ~ G k V which makes x correspond to zero. ■ 

From this theorem, it follows that any proper Lie groupoid is, locally in the 
vicinity of each base point, Morita equivalent to an action groupoid associated 
with some linear representation of a compact Lie group. 

We proceed to recall the canonical action of an isotropy group on the normal 
space to the corresponding orbit [23l 124"] . 

Let Q be a Lie groupoid over a manifold M. Consider the isotropy group Q m 
at a base point m G M. Given any element g G G m , choose an arbitrary local 
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bisection a : U — » Q, to a : U — > V with cr(m) = <?, and then take the tangent 
map T m {t o a) : T m M — > T m M. Since t o cr maps the orbit O m = Q ■ m into 
itself, this tangent map induces a well-defined endomorphism of the quotient 

(42) f m M d = T m M/T m O m . 

We observe that this endomorphism does not depend on the choice of cr: to see 
this, fix any decomposition of the tangent space T g Q « T g (Q m ) T m M, so 
that T g s corresponds to the projection onto the second factor, and note that 
the image under T g t of T g {Q m ) is precisely T m O m . We therefore obtain a well- 
defined (clearly continuous) Lie group action fi m : Q m — ► GL{T m M^j . We put 

(43) K m = Ker/i m 

and call this (closed, normal) subgroup of Q m the ineffective part of Q m , 
Our next task will be to prove the following: 

4.1 Proposition Let Q be proper. Let g : Q — > GL(E) be a representation 
on a vector bundle E over the base M of Q. For every base point m 6 M, 
the two conditions below are equivalent: 

(a) D m := Ker[g m : G m — > GL(E m )] is contained in the ineffective part 
K m ofG 

(b) there exists an open neighbourhood U C M of m such that the image 
Xjj Q\G\u) is a submanifold of GL{E). 

In (b), we can in fact assume U to be invariant i.e. Q ■ U = U . 

Notation: We let X — g(Q) denote the full image, so that Xjj — X C\ GL{E)\u 
is an open subset. 

By the Local Linearizability Theorem, it is not restrictive to assume that 
there exists a linear slice S for Q at the given base point m, such that Q ■ S = M. 
The proposition will then be an immediate consequence of Proposition ^. 7l below 
and the following couple of lemmas: 

4.2 Lemma Let <p : H — > Q be a Morita equivalence of Lie groupoids. 
Let q be a representation of Q on a vector bundle E. For any base points 
no of H and too = <^>(no) of Q , the induced isomorphism of isotropy groups 
4>n ■ T~tn Gm establishes a bijection between the respective ineffective 
subgroups, and between the kernels of the isotropy representations (4>* g) no ■ 
H no — > GL([4>*E] no ) and g mo : Q mo — > GL(E mo ). 

4.3 Lemma Under the same assumptions as in the previous lemma, the 
image Y — Im(</>* q) is a submanifold of GL((j>*E) if and only if X — Img is 
a submanifold of GL(E). 

Proof of Lemma \4-2\ At the level of base manifolds ,_the tangent^ map 
T no <p : T no N — ■> T mo M induces a linear isomorphism of T na N onto T mo M 
which 4> no -intertwines the actions of H na and Q mo on the latter spaces. In 
particular, the kernels of the two actions are sent into each other by the group 
isomorphism (f>„ . 

On the other hand, the canonical linear isomorphism [cj)*E\ no ~ £^(„ ) = 
E mo is c/>„ -equi variant with respect to the group actions (4>*0)n o an d g mo - 

q.e.d. 
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Proof of Lemma \J73\ To begin with, observe that it is no loss of generality to 
assume to be a surjective submersion H -» G, N -» M. Indeed, as we already 
pointed out in Section [TJ there always exist Morita equivalences ip and \ with 
this property from a third Lie groupoid V into Q and H respectively such that 
■0 — 4> ° X U P to some natural transformation of Lie groupoid homomorphisms. 
One then has an isomorphism ip* g ~ X*4>* Q of representations of V . 

Let 7 : GL{4>* E) — > GL(E) be the homomorphism associated with the 
canonical vector bundle map — > E over : AT — » M. From the surjectivity 
of : 7i — » 0, it follows that Y = 7~ 1 (A"). Since 7 itself must be a surjective 
submersion, we conclude at once that X is a submanifold if and only if so is 
Y. q.e.d. 

Study of the linear case 

We let g = G k V throughout, where G A GL(V) is a continuous linear action 
of a compact Lie group G on a finite dimensional real vector space V . 

Let K denote Ker[G — * GL(V)], and, for each v £ V, let G v C G denote 
the isotropy subgroup at v. As usual, K v C G v will denote the ineffective part 
of G v . Note that K = K C If*, for all u. 

Let q : G x V — > GL(C k ) be any Lie groupoid representation, where = 
V x C fe is the trivial rank fc vector bundle over V. By canonically identifying 
GL(C ) to V x V x GL(k,C), we write g in components as follows: 

(44) ^(ff,^) = «, e(ff,«)) 

where g ■ v = fx(g)(v). For each u 6 V, we let g v : G v — > GL(k, C) be the map 
.9 l— *■ u )- We put D„ = Ker g v C and D = Dq C G. 

4.4 Lemma = fl fl G„ for each w. 

Proo/. Let ^ v G V be given. Let £, = («) = g R} be the line 

through u. Since the action G — + GL(V) on is R-linear, G v = G tv for all 
t ^ 0. This immediately implies that the restriction 

(45) G„xLcGxy-^ GL(fc) 

is an isotopy through representations G v — » GL{k) (note by contrast that £? 
need not be an isotopy in general). Since all the representations belonging to 
such an isotopy must have the same kernel, we get D v = DC\G V . q.e.d. 

4.5 Lemma Let NcKHDcGbea closed subgroup, normal in G, and 
put G = G/N . Let Jl : G — > GL{V) be the induced action. Then there is a 
(unique) Lie groupoid representation q : G k V — > GL(C k ) such that 



G<kV ^ GL(C k ). 



(46) 



prxV 



U 



GtxV 



Proof. If a mapping of sets exists making l|46|) commute, it will necessarily be 
smooth because so is g and because pr x V is a surjective submersion. Moreover, 
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the same map will be a homomorphism of groupoids. Now, it is straightforward 
to check that the prescription 

(47) Q(9,v)(v,0 = (g-v,g(g,v)£) for all (v,£)eVxC k 

is well defined — thanks to Lemma [HH q.e.d. 

Suppose the image X = g{g) C GL(C k ) is a submanifold. Then we know 
from Lemma [3751 that Q X is a (surjective) submersion. 

Assume for a moment that the group G is connected. Then X is a connected 
manifold and therefore the dimension of the fibres of the submersion g is constant 
over X. Hence, putting x v — g(e,v) £ X for each v £ V, where e denotes the 
unit of the group G, we see that dim(D n G v ) — dim g^ 1 (x v ) = dim g~ 1 (xo) = 
dim D for all v. Since D n G v is a closed subgroup of D, this implies that the 
identity component of D is contained in G v . Thus 

(48) L> (e) C f]G v =K. 

For a nonconnected G, it will be enough to consider the restriction g^ of g to 
G^ k V, where G^ denotes the identity component of G, and observe that 
the condition lj48l) for g is implied by the analogous condition for g^ . 

The foregoing reasonings show that <f48|) is a necessary condition in order 
for the image of g to be a submanifold of GL(C k ). However, this condition is 
not sufficient: take for example G = Z/2 = {±1} acting on V = R by scalar 
multiplication, and g trivial. 

Consider the intersection K n D C G. This is a closed normal subgroup of 
G and hence we can apply Lemma [4.51 with N = Kf)D. Note that, in view 
of (|48p. the image D of D under the quotient map G — > G = G / (K n D) is a 
finite subgroup of G. Moreover, one has K n D = {1} where K is the image of 
K in G. Since Img = Imp in (|46l) . we may accordingly assume — without loss 
of generality — the following to hold: 

(49) D finite, DnK={e}. 

The finiteness assumption on the kernel D of the isotropy representation 
go : G — > GL(k) implies at once the injectivity of the Lie algebra map T e g : 
T e G -> End(<C fe ). The matrix of the differential of the mapping (04]) of G x V 
into V x V x GL{k) at the point (e,0) is of the form 

(id v 

(50) * * 

\ * T e g 

Since g : Q — > X is a submersion, the injectivity of the differential Z?p(e,0) : 
T( e fi)G —* T Xa X shows that g is a local diffeomorphism at (e,0). We contend 
that the same is true at each point (d, 0) with d £ D. Now, (g, v) i— > (d-g,v) 
defines a diffeomorphism of G x 7 into itself, mapping (e, 0) to (d, 0). Similarly, 

(51) (v, v', A) (v,d- v', g(d, v') o A) 

defines an automorphism of K x 1^ x GL(k) which leaves the submanifold X 
invariant and fixes the point xq — g(e,0) — (0,0, Ife) £ X. The mapping f44|) 
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intertwines these two automorphisms. Our claim follows at once by taking the 
corresponding tangent maps. 

For each d £ D, we choose an open neighbourhood of (d, 0) in Q such 
that g restricts to a diffeomorphism between and an open neighbourhood 
Ud = Q(Td) of xo in X. We may assume the Td to be pairwise disjoint. If we 
put U = n Ud, we see that for each x G U the fibre g^ 1 (x) C Q contains 

dG-D 

at least \D\ distinct points. On the other hand, for each v € V the fibre 
g~ 1 (x v ) = D n G v can at most contain \D\ points. Since the map v i— ► x v of 
V into X is continuous, and since J7 is a neighbourhood of xo, it follows that 
D C G v for all v sufficiently close to zero and therefore for all v (recall that 
G tv = G v for t^O). Thus, 

DcDPif)G v =Dr\K = {e}. 

vev 

Summing up, we have shown — now in full generality — that a necessary con- 
dition for the image of g to be a submanifold of GL(C k ) is that 

(52) D C K. 

This condition proves to be also sufficient. Indeed, if the inclusion f52]) holds, 
we can apply Lemma l4~5l with N = D and then observe that the representation 
g is globally faithful and hence maps G kV onto a submanifold of GL(C k ), in 
view of the following lemma: 

4.6 Lemma Let Q be a proper Lie groupoid, and let g : Q — * GL{E) 
be a representation. Suppose that g is faithful. Then the image g(Q) is a 
submanifold of GL(E). 

Proof. To begin with, we observe that for any given arrow g in Q, and for 
each neighbourhood T of g, there is an open neighbourhood P of g(g) in GL{E) 
such that g~ 1 (P) C T. This can be seen as in the proof of Theorem 12.71 

By Lemma \2.8\ each arrow g admits an open neighbourhood T g such that 
g induces a smooth isomorphism between r g and a submanifold of GL(E). 
One can then choose an open neighbourhood P g C GL(E) of g(g) such that 
g~ 1 (P g ) C T g . For any given pair x,x' of base points, put T XyX > = {Jg~ 1 (P g ), 
the union being taken over all g € Q(x, x'). We claim that g induces a smooth 
isomorphism between T x x r and a submanifold of GL(E). By construction, g 
restricts to an immersion of T x , x i into GL(E). For each g £ Q{x, x'), 

Q (T XtX ,)nP g = Q( Q - 1 (P g )) 

is an open subset of the submanifold g(T g ) C GL(E), because g is a smooth 
isomorphism of r g onto g{T g ). Since the open sets P g cover q(T XjX i) as g ranges 
over Q(x,x'), g{Tx,x') is a submanifold of GL(E). Moreover, since g is a local 
smooth isomorphism of T x>x > onto g(T x>x >), it will be a global diffeomorphism 
provided it is injective on T XjX >. Now, 0(7') = 0(7) implies 7', 7 S g~ 1 (P g ) C T g 
for at least one g and therefore 7' = 7, because g is injective over T g . 

Finally, one application of the usual properness argument will yield open 
neighbourhoods B 3 x and B' 3 x' in M such that the set G(B, B 1 ) is contained 
in Y x/X i. This essentially finishes the proof. q.e.d. 
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Putting everything together, we conclude 

4.7 Proposition A representation g : G x V — * GL(C k ) maps G t<V 
onto a submanifold of GL(C k ) if, and only if, the kernel of its isotropy 
representation at zero acts ineffectively on V. 



4.8 Remark The condition 11521) implies D v £ K v for all v £ V (notation 
introduced before Lemma HH]). Indeed, by Lemma [HH if D C K then 

D v = D n G v £ K n G v £ K v . 

The Main Criterion and its application to the regular case 

A representative chart of the form (T(Q)\u,R) will be said to be diagonal. 

4.9 Lemma For Q proper, T(Q) is smooth if, and only if, for each base 
point m there exists a diagonal representative chart at m. 

Proof. (Sufficiency.) Let A £ T(Q)(m,m') be given. We want to construct 
a representative chart (ft, R) in a neighbourhood fl of A. Choose g £ Q{m, m!) 
with tr(g) = A (Theorem I2.5|) and a local bisection a : U Q , t o a : U — > U' 
with cr(m) = g. It is not restrictive to assume there exists a diagonal represen- 
tative chart (T(Q)\u, R). Then we can take = T(Q)(U, U'), for we have the 
following commutative diagram: 

G(U, U') T{G)(U, U') GL{E)(U, U') 



T(Q)\u GL(E)\ V 

(where R = (E, g), and where a- etc. stand for left multiplication in the appro- 
priate sense). 

(Necessity.) By a compactness argument, we can find a finite set of repre- 
sentative charts (fli,Ri) covering the isotropy group T(Q)\ m . Put R = 0;i?i, 
where, let us say, R — (E,g). Since T(Q) is smooth by assumption, it follows 
that each (f2j, R) is a representative chart as well, by Proposition l3.7l By taking, 
if necessary, a larger R, we can also assume that the evaluation representation 
£r is faithful on T{Q)\ m . As in the proof of Lemma f4.6[ one can then show 
that for each A £ fij r\T(Q)\ m there exists some open ball P\ £ GL(E) cen- 
tred at Br(X) such that £r~ 1 (P\) £ fl;. Put ft = \J\£r^ 1 {P\). Again as in 
the above-mentioned proof, one can check that (O, R) is a representative chart. 
This evidently finishes the proof of the lemma. q.e.d. 

4.10 Theorem (Main Criterion for smoothness) Let Q be a proper 
Lie groupoid. In order that also the Tannakian bidual T(Q) may be a Lie 
groupoid, it is necessary and sufficient that for each base point m there exists 
a representation g : Q — » GL(E) whose associated isotropy representation at 
m has ineffective kernel: 

(53) Ker[g m : Q\ m -» GL(E m )] £ K m . 
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Proof. (Sufficiency.) Let us fix a representation R — (E, g) such that er 
injects T{Q)\ m into GL(E). Of course, then Ker g m C K m (by our assumption) 
and therefore, by Proposition 14. 1\ there exists an open neighbourhood U of m 
such that £r(T(Q)\u) = q{Q\u) is a submanifold of GL(E). 

All we still lack in order to get a diagonal representative chart at m is the 
injectivity of the map er on a (possibly smaller) neighbourhood of T(Q)\ m of 
the same form. It is clearly enough to show that we can find a linear slice S at 
to such that er is injective on each isotropy group in T(Q)\s- We may therefore 
assume that g is, for some compact Lie group G, a representation of some 
linear action groupoid G k V on a (trivial) vector bundle over V. Any other 
representation of the groupoid Q will induce a representation g' of G x V with 
Ker g' D Ker qq. If Ker g v <f_ Ker g' v were true for some v € V then, by Lemma 
14.41 Ker go (f_ Ker g' would also be true: contradiction. Hence Ker g' v D Ker g v 
for all v. This shows the required injectivity. 

(Necessity.) Let (T{Q)\u,R) be an arbitrary diagonal representative chart 
at to, and let R = (E,g). Then, by definition, g(G\u) — £r(T(G)\u) ls a 
submanifold of GL(E) and, therefore, |53|) follows from Proposition [4TTJ q.e.d. 

Let us call a representation g : Q — ► GL(E) effective at to when the in- 
clusion l(53|) holds. We shall say that Q has enough effective representations 
if the condition in the statement of Theorem 14.101 is satisfied. Then our final 
characterization of parareflexivity for proper Lie groupoids reads: 

4.11 Theorem (Parareflexivity II) A proper Lie groupoid is parareflexive 
if and only if it possesses enough effective representations. q.e.d. 

We shall now give an immediate application of the preceding criterion. Recall 
that a Lie groupoid Q over a manifold M is said to be regular when the anchor 
map p : q — > T M of the Lie algebroid of Q [20] has locally constant rank 
as a morphism of vector bundles over M. If Q is regular then the image of 
the anchor map p is a subbundle of the tangent bundle of M which is also 
integrable and hence determines a foliation of M. By a result of Moerdijk 
|19j . any regular Lie groupoid Q over M fits into a short exact sequence of Lie 
groupoid homomorphisms over M 

(54) l^B^g ^ T 

where B is a bundle of connected Lie groups, J 7 is a foliation groupoid and -» 
is a submersion with connected fibres. Observe that, being -» identical on the 
base M, the epimorphism of isotropy groups Q m T m that -» induces at any 
base point to £ M will carry the canonical action of T m on the normal space 
(|42l) to the canonical action of Q m on the same space; in particular, an arrow in 
Q m will be ineffective if, and only if, so is its image in T m . 

4.12 Corollary For an arbitrary regular proper Lie groupoid Q, the 
Tannakian bidual T{Q) is a Lie groupoid. 

Proof. We claim there exists a representation of Q whose kernel is precisely 
the ineffective part of the isotropy of Q. By the foregoing remarks, we can 
assume that Q is a foliation groupoid. 

Recall that any foliation groupoid is Morita equivalent to an etale groupoid 
[SO} 18]. On the other hand, the condition f53|) in our criterion — more correctly, 
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the property of existence of a representation satisfying that condition at each 
base point — is immediately seen to be stable under passage to a Morita equiva- 
lent groupoid (Lemma I4.2|) . Also recall that if £ is an arbitrary etale groupoid 
then there is a canonical short exact sequence of groupoids over the base of £ 

(55) 1 -> tC ^ £ -» £^ 1 

in which £ is an effective etale groupoid and 1C is precisely the ineffective part of 
£ . The groupoid £ is called the effect of £ ([20] p. 136). Now, it only remains to 
observe that each proper effective etale groupoid possesses a canonical faithful 
representation on the tangent bundle to the base manifold, namely the tangent 
representation. For details, see [22j, Prop. 28.4. q.e.d. 

4.13 Examples in low orbit codimensions We mention, without proof, 
the following result (to appear). Let Q be any Lie groupoid over a manifold M. 
We define the orbit codimension of Q to be the integer 

(56) dimM/0:= sup dim K (T X M), 

the notation being as in lfi2|) . One can then show that for any proper Lie 
groupoid Q, dim M/Q 2 implies Q parareflexive (the only nontrivial case here 
is when dim M/Q = 2). In particular, any proper Lie groupoid over a two 
dimensional base manifold must be parareflexive. ■ 

4.14 Open problem So far, we have not been able to find any example of a 
proper Lie groupoid which is not parareflexive. We know (from l4~T3j) that for 
any such groupoid, the dimension of the corresponding base manifold must be 
at least three. 



References 

[1] C. Arias Abad. Representations up to homotopy and cohomology of classi- 
fying spaces. PhD thesis, Utrecht University, Dec. 2008. 

[2] C. Arias Abad and M. Crainic. Representations up to homotopy of Lie 
algebroids. Preprint math.DG/0901.0319, Jan. 3, 2009. 

[3] G. E. Bredon. Introduction to Compact Transformation Groups. Academic 
Press, New York, 1972. 

[4] T. Brocker and T. torn Dieck. Representations of Compact Lie Groups. 
Graduate Texts in Mathematics 98. Springer- Verlag, New York, 1985. 

[5] A. Cannas da Silva and A. Weinstein. Geometric Models for Noncommuta- 
tive Algebras, volume 10 of Berkeley Mathematical Lecture Notes. American 
Mathematical Society, 1999. 

[6] A. Connes. Noncommutative Geometry. Academic Press, New York, 1994. 

[7] M. Crainic. Differentiable and algebroid cohomology, Van Est isomorphism, 
and characteristic classes. Comm. Math. Helvetici, 78:681-721, 2003. 



31 



[8] M. Crainic and I. Moerdijk. Foliation groupoids and their cyclic homology. 
Advances in Mathematics, 157:177-197, 2001. 

[9] P. Deligne and J. S. Milne. Tannakian categories. In Hodge Cycles, Motives 
and Shimura Varieties, Lecture Notes in Mathematics 900, pages 101-228. 
Springer- Verlag, 1982. 

[10] J. -P. Dufour and N. T. Zung. Poisson Structures and Their Normal Forms. 
Number 242 in Progress in Mathematics. Birkhauser, Basel, 2005. 

[11] A. Henriques and D. S. Metzler. Presentations of noneffective orbifolds. 
Trans. Am. Math. Society, 356(6) :2481-2499, 2004. 

[12] A. Joyal and R. Street. An introduction to Tannaka duality and quantum 
groups. In A. Carboni, M. C. Pedicchio, and G. Rosolini, editors, Cate- 
gory Theory, Proceedings, Como 1990, number 1448 in Lecture Notes in 
Mathematics, pages 411-492. Springer- Verlag, 1991. 

[13] N. P. Landsman. Mathematical Topics between Classical and Quantum 
Mechanics. Springer- Verlag, New York, 1998. 

[14] S. Lang. Fundamentals of Differential Geometry. Springer- Verlag, 2001. 

[15] W. Luck and B. Oliver. The completion theorem in if-theory for proper 
actions of a discrete group. Topology, 40(3):585-616, 2001. 

[16] K. C. H. Mackenzie. General Theory of Lie Groupoids and Lie Algebroids. 
Number 213 in London Mathematical Society Lecture Note Series. Cam- 
bridge University Press, New York, 2005. 

[17] S. MacLane. Categories for the Working Mathematician. Springer- Verlag, 
1971. 

[18] I. Moerdijk. Orbifolds as groupoids: an introduction. Contemporary Math- 
ematics, 310:205-222, 2002. 

[19] I. Moerdijk. Lie groupoids, gerbes, and non-Abelian cohomology. It- 
Theory, 28:207-258, 2003. 

[20] I. Moerdijk and J. Mrcun. Introduction to Foliations and Lie Groupoids. 
Cambridge University Press, 2003. 

[21] T. Tannaka. Uber den Dualitatssatz der nichtkommutativen topologischen 
Gruppen. Tohoku Math. J., 1st Ser., 45:1-12, 1939. 

[22] G. Trentinaglia. Tannaka duality for proper Lie groupoids. PhD thesis, 
Utrecht University, Sept. 2008. Available for download. 

[23] A. Weinstein. Linearization of regular proper groupoids. J. Inst. Math. 
Jussieu, 1(3):493-511, 2002. 

[24] N. T. Zung. Proper groupoids and momentum maps: linearization, affinity, 
and convexity. Preprint math.SG/0407208v4, July 24, 2006. 



32 



